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Simple Contracted Complexes are Nonshellable* 
LUIGI GRASSELLI 
We show that the existence of pseudosimplicial nonshellable n-spheres, n ;", 3, is a direct conse-
quence of some known results about 'contracted complexes'. 
A pseudocomplex is a finite ball complex whose balls are simplexes [4, p. 49]. A pure 
n-dimensional pseudocomplex is shellable if there is an ordering (sJ, S2' .•• , sm) of the 
n-simplexes such that Sk n (U~:/ s;) is a nonempty union of (n - I)-faces of Sb for k = 
2,3, ... , m. 
In [9] a nonshellable pseudocomplex is constructed such that the underlying space is the 
3-sphere S3. It is also pointed out that the existence of a nonshellable triangulation of S3 can 
be obtained as a consequence of [5, theorem 2]. Nevertheless, the use of pseudocomplexes 
-and, in particular, the possibility of obtaining pseudosimplicial triangulations of sn with 
few vertices-is a useful tool for constructing very simple pseudo simplicial nonshellable 
n-spheres. 
To see this we recall the following definitions. 
DEFINITION 1. An n-dimensional pseudocomplex is contracted [7] if it has exactly n + 
vertices. 
DEFINITION 2. An n-dimensional pseudocomplex is simple [3] if two arbitrary n-simplexes 
have at most one (n - I)-face in common. 
The following result is known. 
PROPOSITION 1. For every closed connected 3-manifold M there exists a simple contracted 
pseudocomplex K such that I K I ~ M. 
The existence of contracted pseudocomplexes triangulating the n-manifolds is proved in 
[7] and the existence of simple contracted pseudosimplicial triangulations for all 3-manifolds 
is shown in [3], [6] and [11]. 
PROPOSITION 2. Every simple contracted n-dimensional pseudo complex K is nonshellable. 
PROOF. If IX and f3 are arbitrary n-simplexes having the (n - I)-face (J in common, the 
intersection IX n f3 is the union of (J with a nonempty subcomplex of dimension at most 
n - 2 containing the unique vertex of K not belonging to (J. Thus, for every ordering 
(Sl' S2, .•• , sm) of the n-simplexes of K, the intersection Sl n S2 can not be a nonempty 
union of(n - I)-faces of S2. 
The existence of pseudosimplicial nonshellable triangulations of the 3-sphere S3 is a 
direct consequence of the above propositions. 
·Work performed under the auspices of the GNSAGA of the CNR (National Research Council of Italy) and 
within the project 'Geometria delle Varieta Differenziabili' of the MPI (Italy). 
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FIGURE 1. 
The 4-coloured graph in Figure I, first given in (11], represents (in the sense of[l], [8], 
[9]) a simple contracted-and hence nonshellable-pseudocomplex K triangulating S3. K 
has 4 vertices, 24 edges, 40 2-faces and 20 tetrahedra. 
REMARK 1. The suspension construction ~ described in [2] is a standard way for obtaining 
(contracted) nonshellable pseudosimplicial triangulations of the n-sphere S", n > 3, starting 
from a nonshellable pseudocomplex triangulating S3. In fact, it is easy to see that K is 
shellable iff ~K is shellable (for instance, by making use of the 'weak' definition of 
shell ability [9] on the coloured graphs representing K and ~K). 
REMARK 2. The graph given in Figure 1 is edge-shellable in the sense of [10]. 
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